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We relate two notions of classicality for
quantum transformations often arising in
popular subtheories of quantum mechan-
ics: covariance of the Wigner representa-
tion of the theory and the existence of a
transformation noncontextual ontological
model of the theory. We show that covari-
ance implies transformation noncontextu-
ality. The converse holds provided that
the underlying ontological model is the one
given by the Wigner representation. In
addition, we investigate the relationships
of covariance and transformation noncon-
textuality with the existence of a posi-
tivity preserving quasiprobability distribu-
tion for the transformations of the theory.
We conclude that covariance implies trans-
formation noncontextuality, which implies
positivity preservation. Therefore the vi-
olation of the latter is a stronger notion
of nonclassicality than the violation of the
former.
1 Introduction
Understanding what are the features of quantum
theory that are inherently nonclassical is crucial
both from the foundational and the computa-
tional point of view. Several no-go theorems have
provided concrete contributions in this sense [1–
6], as well as results concerning attempts of repro-
ducing quantum theory in a classical fashion [7, 8]
and axiomatizations of quantum theory in the
framework of general probabilistic theories [9–11].
Among the notions of nonclassicality, in recent
years contextuality [2, 12] has also been used to
explain the origin of the quantum computational
speed-up for specific tasks and models of quan-
tum computation [13–27]. Nevertheless, there is
still a neat discrepancy between what is consid-
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ered to be truly nonclassical from a foundational
and a computational point of view. An example
is provided by the n−qubit stabilizer theory, the
subtheory of quantum mechanics composed by
common eigenstates of Pauli operators, Clifford
gates and Pauli measurements, which has been
proven to be efficiently simulatable by a classi-
cal computer according to Gottesman-Knill the-
orem [28], despite it shows contextuality [29, 30].
It would be desirable to obtain a consistent pic-
ture connecting the notions of nonclassicality in
the two realms and distinguishing weaker and
stronger notions of nonclassicality.
In this work we move a step towards such un-
derstanding by studying two properties of quan-
tum transformations that are usually associated
to classical behaviors and therefore, when bro-
ken, to genuinely nonclassical features. These are
the covariance of the Wigner function under the
transformations allowed in the examined theory
[31], and transformation noncontextuality – i.e.
the existence of a transformation noncontextual
ontological model for the theory [12]. The for-
mer is defined in the framework of Wigner func-
tions [7] – particular quasiprobability distribu-
tions that represent quantum theory in the phase
space, while the latter is defined in the framework
of ontological models (also known as hidden vari-
able models) [32]. As we will report in the next
section, quasiprobability representations and on-
tological models of a theory are strictly related
notions [33].
Covariance indicates that transformations can
be represented as symplectic affine transforma-
tions in the phase space (a subset of the per-
mutations in the discrete dimensional case) [31,
34], while transformation noncontextuality means
that operationally equivalent experimental proce-
dures for performing a transformation must cor-
respond to the same representation in the onto-
logical model [12]. The main reason for consid-
ering covariance a classical feature derives from
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the Hamiltonian formulation of classical mechan-
ics [35], where the physical trajectories are repre-
sented – necessary and sufficient condition – by
symplectic transformations. Hence, covariantly
represented quantum transformations can be in-
terpreted as classical trajectories in the phase
space.1 The existence of a transformation non-
contextual ontological model is a classical feature
because, while holding for classical mechanics, it
is incompatible with the statistics of quantum
theory, as proven in [12].
Historically, most research on the role of non-
classical features in quantum computation has fo-
cused on properties of preparations and measure-
ments [13, 14, 38]. Instead, we here study prop-
erties of quantum transformations. They have
recently been shown to play a crucial role in in-
formation processing tasks [20, 21], and in encod-
ing nonclassical behaviors of subtheories of quan-
tum mechanics that were previously considered to
behave classically, like the single qubit stabilizer
theory [39]. The latter provides one of the main
reasons why considering covariance and transfor-
mation noncontextuality as connected: they are
both broken by the presence of the Hadamard
gate. Another result that ignores transformations
is due to Spekkens in [33]. He showed that con-
textuality and negativity of quasiprobability rep-
resentations are equivalent notions of nonclassi-
cality. Here we use this result – that trivially ex-
tends to transformations – for proving theorems
1 and 3.
In this article we focus on subtheories of quan-
tum mechanics defined by a set of states, transfor-
mations and measurements, where we restrict the
possibility of nonclassicality to transformations
only (i.e. we assume that states and measure-
ment elements are specified by a choice of Wigner
function for which they are non-negatively repre-
sented). The main theorem – theorem 1 – shows
that covariance – originally defined for unitaries,
and here extended to more general completely
positive trace-preserving (CPTP) maps – implies
transformation noncontextuality. The converse
1For the readers familiar with Spekkens’ toy theory –
a noncontextual ontological model set in the phase space
and developed to support the epistemic view of quantum
theory [8, 36, 37] , it is worth noticing that covariance
characterizes the Wigner representation of the quantum
transformations therein reproduced, as it coincides with
the requirement of preservation of the epistemic restric-
tion.
holds only assuming that the ontological model
is the one corresponding to the Wigner represen-
tation. Successively, we introduce the notion of
positivity preservation. We say that a subtheory
is positivity preserving if there exists a quasiprob-
ability representation for which all the transfor-
mations of the theory map non-negative states
to non-negative states. Positivity preservation
is a notion of classicality since it holds in classi-
cal mechanics, where quasiprobabilities are (non-
negative) probabilities, and it does not hold in full
quantum theory, because of the unavoidable pres-
ence of negatively represented states and the fact
that there always exists a transformation between
any two states. In theorems 2 and 3 we relax the
assumption that the subtheory is specified by the
choice of Wigner function and we prove that both
covariance and transformation noncontextuality
imply positivity preservation, but not vice versa.
This shows that breaking positivity preservation
is the strongest notion of nonclassicality among
the ones analyzed here.
The remainder of the article is structured as
follows. In section 2 we define quasiprobability
distributions and Wigner functions – subsection
2.1, covariance of Wigner functions – subsection
2.2, and transformation noncontextuality – sub-
section 2.3. In section 3 we treat the example
of the single qubit stabilizer theory and then, in
section 4, we prove the results relating covari-
ance, transformation noncontextuality and posi-
tivity preservation. We conclude, in section 5, by
discussing possible generalizations of the results
and future avenues.
2 Definitions
In this section we define Wigner functions and
more general quasiprobability distributions (with
a special focus on the property of positivity
preservation), covariance of Wigner functions,
and transformation noncontextuality.
2.1 Wigner functions
Wigner functions are a way of reformulating
quantum theory in the phase space [7], which
is the framework of classical Hamiltonian me-
chanics, and therefore provide a tool to compare
the two theories on the same ground. They are
also the most popular example of quasiproba-
2
bility distributions [14, 34, 40]. The latter are
linear and invertible maps from operators on
Hilbert space to real distributions on a measur-
able space Λ. Quasiprobability representations
of quantum mechanics associate i) a real-valued
function µρ : Λ → R to any density operator ρ
such that
∫
dλµρ(λ) = 1, ii) a real-valued func-
tion ξΠk : Λ→ R to any element Πk of the POVM
{Πk} such that
∑
k ξΠk(λ) = 1 ∀ λ ∈ Λ, and iii)
a real-valued matrix Γε : Λ×Λ→ R to any CPTP
map ε, such that
∫
dλ′Γε(λ′, λ) = 1. These distri-
butions provide the same statistics of quantum
theory – given by the Born rule – if
p(k|ρ, ε, {Πk}) = Tr[ε(ρ)Πk]
=
∫
dλdλ′ξΠk(λ′)Γε(λ′, λ)µρ(λ).
(1)
Quasiprobability distributions are named this
way as they behave similarly to probability distri-
butions, with the crucial difference that they can
take negative values. The negativity is usually as-
sumed to be a signature of quantumness because
it is unavoidable in order to reproduce the statis-
tics of quantum mechanics [41]. A quasiprob-
ability distribution, for example µρ(λ), is non-
negative if µρ(λ) ≥ 0 ∀λ ∈ Λ. Non-negative
quasiprobability representations of quantum me-
chanics are an important tool to support the epis-
temic view of quantum theory [12, 32], where
quantum states are interpreted as states of knowl-
edge rather than states of reality, and are useful
to perform classical simulations of quantum com-
putations [42]. We will focus on the following
property of quasiprobability distributions.
Definition 1. Given a set S of quantum
states ρ that are non-negatively represented by
a quasiprobability distribution µρ(λ), a transfor-
mation ε that maps ρ to ρ′ = ε(ρ) is positivity
preserving if, for every ρ ∈ S, the quasiprobabil-
ity distribution µρ′(λ) is non-negative too.
A subtheory of quantum mechanics allows for a
positivity preserving quasiprobability representa-
tion if there exists a quasiprobability distribution
for which all the transformations of the subtheory
are positivity preserving.
We are interested in Wigner functions defined
over the discrete phase space Λ = Z2nd , where
the integers d, n denote the dimensionality of the
system and the number of systems, respectively.
We follow the definition provided in [14] that in-
cludes the mostly used examples of Wigner func-
tions [34, 43].
Definition 2. The Wigner function of a quan-
tum state ρ (and, analogously, of a POVM ele-
ment Πk) is defined as
W γρ (λ) = Tr[Aγ(λ)ρ], (2)
where the phase-point operator is
Aγ(λ) = 1
NΛ
∑
λ′∈Λ
χ([λ, λ′])Wˆ γ(λ′). (3)
The normalization NΛ is such that
Tr(Aγ(λ)) = 1. The Weyl operators Wˆ γ(λ)
are defined as Wˆ γ(λ) = wγ(λ)Z(p)X(x), where
the phase space point is λ = (x, p) ∈ Λ. The
operators X(x), Z(p) represent the (generalized)
Pauli operators, X(x) = ∑x′∈Zd |x′ − x〉 〈x′| and
Z(p) = ∑x∈Zd χ(px) |x〉 〈x| . The functions w
and χ are wγ(λ) = iγ(λ), χ(a) = (−1)a in the case
of qubits and wγ(λ) = χ(−2−1γ(λ)), χ(a) = e 2piid a
in the case of qudits of odd dimensions. By
choosing the function γ : Λ → Zq, where q is an
integer, we can specify which Wigner function
to consider. The reason why choosing different
Wigner functions is that they are non-negative –
thus providing a proof of operational equivalence
with classical theory – for different subtheories of
quantum mechanics. For example γ = x · p gives
Gross’ Wigner function [34, 44] for odd dimen-
sional qudits, which non-negatively represents
stabilizer quantum mechanics in odd dimensions
[36, 37], while γ = x · p mod4 gives the Wigner
function developed by Gibbons and Wootters
[43, 45] for qubits, which non-negatively rep-
resents the subtheory of quantum mechanics
composed by all the separable eigenstates of
Pauli operators, Pauli measurements and trans-
formations between them [14, 17]. We will omit
the superscript γ in the future in order to soften
the notation.
Wigner functions satisfy the following proper-
ties.
• The marginal of a Wigner function on the
state ρ behaves as a probability distribution:∑
p∈ZdWρ(x, p) = |〈x|ρ|x〉|2.
• The Wigner function of many systems in
a product state is the tensor product of
the Wigner functions of each system, as
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a consequence of the factorability of A(λ),
A(x0, p0 . . . xn−1, pn−1) = A(x0, p0) ⊗ · · · ⊗
A(xn−1, pn−1).
• The phase-point operators form a complete
basis of the Hermitian operators in the
Hilbert space with respect to the Hilbert-
Schmidt inner product, thus obeying Her-
mitianity, A(λ) = A†(λ) ∀ λ ∈ Λ, and
orthonormality, Tr[A(λ)A(λ′)] = 1NΛ δλ,λ′ .
This implies that ρ = ∑λ∈ΛA(λ)Wρ(λ) and∑
λ∈ΛWρ(λ)Wσ(λ) = tr(ρσ), where ρ, σ are
any two Hermitian operators.
• ∑λ∈ΛA(λ) = I, thus implying that Tr[ρ] =
1 = ∑λWρ(λ).
For consistency with equation (1), the Wigner
function associated to a CPTP map ε is
Wε(λ′, λ) = Tr[ε(A(λ))A(λ)] and it is such that∑
λ∈ΛWε(λ′, λ) = 1.
In proving the main theorem of this work –
theorem 1 – we consider subtheories of quan-
tum mechanics defined by a set (S, T ,M)γ of
quantum states, transformations and measure-
ments. The sets S and M are composed by the
states and measurements, respectively, that are
non-negatively represented by the Wigner func-
tion specified by γ (this explains the subscript),
as in [14]. The set of transformations T is only
restricted by the fact that transformations must
map between states (and observables) in the sub-
theory. In this way the possibility of nonclassi-
cality is only confined to transformations. In the
following we define and relate properties that fur-
ther restrict the set T .
2.2 Covariance
Following [34], the Wigner function Wρ(λ) is co-
variant under the unitary gate U ∈ T if
WUρU†(λ) = Wρ(Sλ+a) ∀ ρ ∈ S, ∀ λ ∈ Λ, (4)
where S is a symplectic transformation, i.e.
STJS = J, where J = ⊕nj=1
[
0 1
−1 0
]
j
is the
standard invertible matrix used in symplectic ge-
ometry, and a is a translation vector. We say
that the unitary U is covariantly represented, by
the Wigner functionWρ(λ), if equation (4) holds.
Equation (4) can also be written as,
UA(λ)U † = A(Sλ+ a) ∀ λ ∈ Λ. (5)
A covariantly represented subtheory (S, T ,M)γ
is a theory where all T ∈ T are covariantly rep-
resented. We now extend the above definition of
covariance to general quantum channels. We re-
call that a quantum channel ε – represented by a
CPTP map – can in general be written as
ε(ρ) =
∑
k
EkρE
†
k, (6)
where the Kraus operators Ek satisfy the com-
pleteness relation
∑
k E
†
kEk = I. There are in-
finitely many equivalent Kraus decompositions,
and they are all mapped to each other via uni-
tary maps.
Definition 3. A CPTP map ε ∈ T is covari-
antly represented, by the Wigner functionWρ(λ),
if all its decompositions into unitary Kraus oper-
ators, i.e. Ek ∈ T such that E†k = E−1k , have
covariantly represented Kraus operators,
EkA(λ)E†k = A(Skλ+ ak) ∀λ ∈ Λ, ∀k. (7)
The motivation for definition 3 is that covari-
ance is a concept conceived for Wigner functions
transformed under unitaries (see equation (4)).
It would not apply to irreversible transformations
(it would no longer correspond to a notion of clas-
sicality). We discuss another possible definition
of covariance under CPTP maps in section 5.
2.3 Transformation Noncontextuality
A natural way of justifying why quantum theory
works is to provide an ontological model that re-
produces its statistics [12]. An ontological model
associates the physical state of the system at a
given time – the ontic state – to a point λ in
a measurable set Λ, and the experimental pro-
cedures – classified in preparations, transforma-
tions and measurements – to probability distri-
butions on the ontic space Λ. A preparation pro-
cedure P of a quantum state ρ is represented by
a probability distribution µP (λ) over the ontic
space, µP : Λ → R such that
∫
µP (λ)dλ = 1
and µP (λ) ≥ 0 ∀λ ∈ Λ. A transformation pro-
cedure T of a CPTP map ε is represented by a
transition matrix ΓT (λ′, λ) over the ontic space,
ΓT : Λ × Λ → R such that
∫
ΓT (λ′, λ)dλ′ = 1
and ΓT (λ′, λ) ≥ 0 ∀λ, λ′ ∈ Λ. A measure-
ment procedure M with associated outcomes k
of a POVM {Πk} is represented by a set of in-
dicator functions {ξM,k(λ)} over the ontic space,
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ξM,k : Λ → R such that
∑
k ξM,k(λ) = 1 and
ξM,k(λ) ≥ 0 ∀λ ∈ Λ, ∀k. The ontological model
reproduces the predictions of quantum theory ac-
cording to the law of classical total probability,
p(k|P, T,M) = Tr[ε(ρ)Πk]
=
∫
dλdλ′ξM,k(λ′)ΓT (λ′, λ)µP (λ).
(8)
All the preparation procedures that prepare the
state ρ belong to the equivalence class that we
denote with eρ(P ). Analogous reasoning for the
equivalence classes eε(T ) associated to the CPTP
map ε and e{Πk}(M) associated to the POVM
{Πk}. The idea of the generalized notion of non-
contextuality is that operational equivalences –
e.g. the different Kraus decompositions of a
CPTP map – are represented by identical proba-
bility distributions on the ontic space.
Definition 4. An ontological model of (a sub-
theory of) quantum mechanics is transformation
noncontextual if
ΓT (λ′, λ) = Γε(λ′, λ) ∀ T ∈ eε(T ), ∀ ε. (9)
The above definition can be analogously ex-
tended to preparation noncontextuality and mea-
surement noncontextuality [12],
µP (λ) = µeρ(P )(λ) ∀P ∈ eρ(P ), ∀ ρ,
ξM,k(λ) = ξeΠk (M)(λ) ∀M ∈ e{Πk}(M), ∀ {Πk}.
(10)
An ontological model is universally noncontex-
tual if it is preparation, transformation and mea-
surement noncontextual. It can be shown that
a universally noncontextual ontological model of
quantum mechanics is impossible [12] and, in par-
ticular, that a transformation noncontextual on-
tological model of quantum theory is impossible
too.
From the definitions of ontological models
above and the definitions of quasiprobability rep-
resentations provided previously, by substitut-
ing equations (9) and (10) into equation (8),
it is immediate to see that the existence of a
non-negative quasiprobability representation that
provides the statistics of quantum theory as in
equation (1) coincides with the existence of a non-
contextual ontological model for it. This result
was proven in [33] and here stated also consider-
ing transformations.
3 The single qubit stabilizer theory
The stabilizer theory of one qubit is defined as
the subtheory of one qubit quantum mechan-
ics that includes the eigenstates of X,Y, Z Pauli
operators, the Clifford unitaries – generated by
the Hadamard gate H and the phase gate P –
and X,Y, Z Pauli observables. Its states and
measurement elements are non-negatively repre-
sented by Wootters-Gibbons’ Wigner functions
[43], and its transformations preserve positivity.
More precisely, as shown in [45], there are two
possible Wigner functions for one qubit stabilizer
states that are non-negative and obey the desired
properties stated previously. We denote the two
Wigner functions with W+ and W−. The corre-
sponding phase-point operators are
A+(0, 0) =
1
2(I+X + Y + Z),
A−(0, 0) =
1
2(I+X + Y − Z),
and Aj(0, 1) = XAj(0, 0)X†, Aj(0, 1) =
Y Aj(0, 0)Y †, Aj(1, 1) = ZAj(0, 0)Z† for j ∈
{+,−}, where we have denoted with X,Y, Z both
the Pauli observables and the Pauli transforma-
tions.
The 8-state model [38] provides a natural
preparation and measurement noncontextual on-
tological model of the single qubit stabilizer the-
ory. The quantum states (and measurement el-
ements) are represented as uniform probability
distributions over an ontic space of dimension 8
and the Clifford transformations are represented
by permutations over the ontic space. It can be
seen as a model that corresponds to take into ac-
count both the Wigner functions W+ and W−, as
shown in figure 1.
This model may be viewed as another confir-
mation of the classical nature of the theory. How-
ever, it is incompatible with covariance and trans-
formation noncontextuality. Covariance is broken
by the Hadamard gate (or, similarly, by the phase
gate), that unavoidably maps a phase-point op-
erator to a phase-point operator belonging to a
different basis set, e.g. HA+(0, 0)H = A−(0, 1),
as a consequence of its action on the Pauli oper-
ators, HXH = Z,HZH = X and HYH = −Y.
Moreover, the 8-state model and, more in general,
any preparation and measurement noncontextual
model of the single qubit stabilizer theory, shows
transformation contextuality, as proven in [39].
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Figure 1: Non-negative Wigner functions of one
qubit stabilizer states. The figure above shows the
states that are non-negative according to the two Wigner
functionsW+ andW− for one qubit defined in [45]. The
intersection of the two non-negative sectors in the Bloch
sphere forms the stabilizer octahedron. The idea behind
the 8-state model [38] is to consider a model whose
ontic space has twice the dimension of the standard
phase space and consider both the two Wigner func-
tions. The Hadamard gate, as well as the phase gate,
maps between the two Wigner functions, thus causing
the breaking of covariance and the distinction between
operationally equivalent realizations of the completely
depolarizing channel, i.e. the presence of transforma-
tion contextuality.
This is due, again, to the non-covariantly repre-
sented Hadamard gate (or, similarly, to the phase
gate): if we consider the operationally equiva-
lent decompositions of the completely depolariz-
ing channel, ε1(ρ) =
∑
RRρR = I and ε2(ρ) =∑
R(HR)ρ(HR)† = I, where R ∈ {I, X, Y, Z}
and ρ is any qubit stabilizer state, they are on-
tologically distinct in any preparation and mea-
surement noncontextual ontological model of the
single qubit stabilizer theory. The ontological dis-
tinctness can be pictured in the 8-state model,
where ε1 and ε2 are represented as different per-
mutations in the ontic space. The former only
maps within a half of the ontic space, that can
be seen as the phase space where W+ (or W−)
is defined, while the latter maps between the two
halves of the ontic space, so between the phase
space of W+ and the phase space of W− – which
is also a way of picturing the breaking of covari-
ance. This last consideration suggests the pres-
ence of a tight connection between covariance and
transformation noncontextuality.
4 Results
We now relate the notions of classicality for quan-
tum transformations defined so far.
Theorem 1. Let us consider the subtheory of
quantum mechanics (S, T ,M)γ . The subtheory is
covariantly represented if and only if the Wigner
representation provides a transformation noncon-
textual ontological model for it.
Proof. Let us consider a transformation ε ∈ T .
⇒ . Given covariance (equation (7)), the
orthonormality of the phase-point opera-
tors, and the linearity of the trace, then
Tr[ε(A(λ))A(λ′)] = Tr[∑k A(Skλ + ak)A(λ′)] =
1/NΛ
∑
k δSkλ+ak,λ′ ≥ 0. A non-negative Wigner
function for the transformation ε implies a
transformation noncontextual ontological model
for it, as we have shown at the end of subsection
2.3.
⇐ . Transformation noncontextuality for the
ontological model given by the Wigner rep-
resentation of the theory coincides with the
Wigner function Tr[ε(A(λ))A(λ′)] to be non-
negative. This implies also the Wigner repre-
sentations of the unitary Kraus operators Ek,
Tr[EkA(λ)E†kA(λ′)], to be non-negative. If this
was not the case, we could consider the multi-
ple representations of the Ek to obtain multiple
representations of ε too, which would contradict
the original transformation noncontextuality as-
sumption. In order to show that ε is covariantly
represented, let us define B ≡ EkA(λ)E†k and, by
the fact that the phase-point operators A(λ) form
a basis for the Hermitian operators in the Hilbert
space, let us write it as B = ∑λ′WEk(λ|λ′)A(λ′).
Successively, notice, from Tr[A(λ)] = 1, that
Tr[B] = ∑λ′WEk(λ|λ′) = 1. Moreover, from
the orthonormality of the phase-point opera-
tors, Tr[B2] = ∑λ′W 2Ek(λ|λ′) = 1. Therefore,
given that WEk(λ|λ′) ≥ 0,
∑
λ′WEk(λ|λ′) =
1, and ∑λ′W 2Ek(λ|λ′) = 1, we conclude that
WEk(λ|λ′) = 0 ∀λ′ apart from one λ˜′, for which
WEk(λ|λ˜′) = 1. This means that B coincides with
one of the phase-point operators, i.e. Ek is co-
variantly represented. This is true for every k,
thus ε is covariantly represented.
Notice, from the theorem above, that while co-
variance implies transformation noncontextuality
(as it is enough to have a transformation noncon-
textual model to guarantee transformation non-
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contextuality), the converse implication may not
hold in general. In principle, it could be possible
to have a transformation noncontextual ontolog-
ical model, even if the ontological model corre-
sponding to the Wigner representation is trans-
formation contextual.
Let us now state the relationships of covariance
and transformation noncontextuality with the ex-
istence of a positivity preserving quasiprobability
distribution. We no longer refer to subtheories
(S, T ,M)γ defined by a choice of Wigner func-
tion for which states and measurement elements
are non-negative, otherwise positivity preserva-
tion would already be trivially satisfied. We refer
to more general subtheories that we denote with
(S, T ,M), where the transformations in the set
T map between states in S and between observ-
ables inM.
Theorem 2. Let us consider the subtheory of
quantum mechanics (S, T ,M). If there exists a
Wigner function Wρ(λ) for which the subtheory
is covariantly represented, then the subtheory al-
lows for a positivity preserving quasiprobability
representation. The converse implication does
not hold.
Proof of theorem 2. Let us consider the states
ρ ∈ S with non-negative Wigner function Wρ(λ)
and a covariantly represented transformation ε
which maps ρ to ρ′ = ε(ρ) such that Wρ′(λ) =∑
kWρ(Skλ+ak). Since allWρ(Skλ+ak) are non-
negative because Wρ(λ) ≥ 0 ∀λ ∈ Λ, then also
Wρ′(λ) is non-negative. The converse implica-
tion does not hold, as proven by the counterex-
ample of the single qubit stabilizer theory, where
the Hadamard gate maps non-negative states to
non-negative states (Wootters-Gibbons’ Wigner
function [43, 45]), but it is not covariantly repre-
sented.
Theorem 3. Let us consider the subtheory of
quantum mechanics (S, T ,M). If the subtheory
allows for a transformation noncontextual onto-
logical model, then it also allows for a positivity
preserving quasiprobability representation. The
converse implication does not hold.
Proof of theorem 3. From Spekkens’ result [33]
extended to transformations, the existence of a
transformation noncontextual ontological model
to represent any transformation ε ∈ T implies
that there exists a non-negative quasiprobabil-
ity distribution Γε(λ, λ′) ≥ 0 ∀λ, λ′ ∈ Λ. Given
a state ρ ∈ S which is represented by the non-
negative quasiprobability distribution µρ(λ), the
state ρ′ = ε(ρ) is also non-negatively represented,
as µρ′(λ) =
∑
λ′ µρ′(λ′)Γε(λ, λ′). This proves the
first part of the theorem. The converse impli-
cation does not hold. In the example of the sin-
gle qubit stabilizer theory all the transformations
map non-negative states to non-negative states
(Wootters-Gibbons’ Wigner function [43, 45]),
but the theory, with positivity preserving trans-
formations and non-negative states and measure-
ment elements, does not allow for a transforma-
tion noncontextual model. The core reason why
transformation contextuality, and, equivalently,
the unavoidable presence of some negativity in
Γε, is a weaker notion of nonclassicality than the
breaking of positivity preservation is that Γε, de-
spite assuming some negative values, can still
preserve the positivity between the quasiproba-
bility representations of the states.
The relations found are depicted in figure 2.
*
Covariance
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Transformation
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Noncontextuality
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Positivity
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Figure 2: Relationship between three notions of classicality associated to quantum transformations. The
existence of a covariant Wigner function implies the existence of a transformation noncontextual ontological model,
which implies the existence of a positivity preserving quasiprobability distribution for a subtheory of quantum me-
chanics. The existence of a noncontextual ontological model for the subtheory implies covariance if the model is the
one provided by the Wigner representation (starred arrow).
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5 Discussion
The results obtained regard the relationships
between a property of Wigner functions – co-
variance, a property of ontological models –
transformation noncontextuality, and a property
of quasiprobability representations – positivity
preservation. It would be interesting to ex-
tend the notion of covariance to more general
quasiprobability representations. However, we
argue that a relation between this extended co-
variance and transformation noncontextuality is
not expected to hold. Such covariance would
hold in the CSS rebit subtheory studied in
[15], while transformation noncontextuality is vi-
olated2. Still, the latter is not expected to imply
covariance, considering that the orthonormality
property of the phase point operators – crucial
for proving theorem 1 – does not hold for generic
quasiprobability representations.
One extra way to generalize covariance would
be to consider the CPTP map ε as given by a
unitary U acting on a Hilbert space that de-
scribes both the system and the environment,
ε(ρ) = ∑k EkρE†k = TrE [UρSEU †], where ρSE
is the state of the system and environment, while
ρ is the state of the system only. Covariance is
then defined as UASE(λ)U † = ASE(SSEλ+aSE),
where SSE and aSE are a symplectic matrix and
a vector acting on the phase space associated to
the system and environment, for all the possible
unitaries that define ε. We leave the study of this
notion for future research.
Another open question is whether any
quasiprobability representation on an overcom-
plete frame [41] (like the one in [15] and unlike
the Wigner representation) always implies the
corresponding model to be transformation con-
textual. In an overcomplete frame representation
the phase-point operators are, by definition, more
than the ones needed to form a basis. This is
expected to imply multiple distinct representa-
tions of each transformation.3 Showing that only
2The two decompositions, ρ→ 1/2(ρ+Y ρY ) and ρ→
1/2(XρX +ZρZ), correspond to the same channel in the
CSS subtheory of [15], even if any ontological model of the
theory represents them as distinct (the proof mirrors the
one contained in [39] for the single qubit stabilizer theory).
The author thanks Piers Lillystone for making him aware
of this fact.
3By the time this article first appeared this result has
been proven in [46] with minor extra assumptions.
complete frame representations provide noncon-
textual models would be a first step to ultimately
try to prove that any noncontextual ontological
model has to correspond to a Wigner represen-
tation, thus also generalizing theorem 1 (i.e. re-
moving the red “star” in figure 2).
Our results show that breaking positivity
preservation is a stronger notion of nonclassical-
ity than transformation contextuality and non-
covariance. With respect to positivity preserva-
tion, the single qubit stabilizer theory is classical,
even if it shows transformation contextuality and
breaks covariance. This fact motivates the study
of the physical justifications for considering pos-
itivity preservation a legitimate classical feature.
It would be also interesting to explore other sub-
theories in which positivity preservation, unlike
other notions of classicality, coincides with clas-
sical computational simulability. With this work
we aim to promote further research on the reasons
why the contextuality present in qubit stabilizer
theory has, computationally, a classical nature.4
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